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We report an experiment in which one determines, with least tomographic effort, whether an unknown two-
photon polarization state is entangled or separable. The method measures whole families of optimal entangle-
ment witnesses. We introduce adaptive measurement schemes that greatly speed up the entanglement detection.
The experiments are performed on states of different ranks, and we find good agreement with results from
computer simulations.
PACS numbers: 03.65.Ud, 03.65.Wj, 03.67.Mn
Introduction Entangled states play an important role in
the manipulation of quantum information, be it for present-
day quantum key distribution or future quantum computation.
One may need to verify if a certain quantum state—perhaps
emitted by a source of quantum-information carriers or ob-
tained as the output of a quantum computation—is entangled
or not. For this purpose, the expectation value of an entan-
glement witness is telling: The state is surely entangled if
a negative value is obtained. A positive value, however, is
inconclusive—the unknown state could be entangled or sep-
arable, the witness cannot tell, but other witnesses might be
able to. The concept of a witness was first used by M., P.,
and R. Horodecki [1], and the term “witness” was introduced
by Terhal [2]; for reviews that cover all important aspects of
entanglement witnesses, see Refs. [3, 4].
How many witnesses, then, does one need to measure until
a conclusion is reached? The answer to this question is given
in Ref. [5]: If one solely relies on the expectation values of
the witnesses one by one, one may never get a conclusive an-
swer; if, however, the expectation values of suitably chosen
witnesses are jointly used for an estimation of the quantum
state, D2 − 1 witnesses suffice for a D-dimensional quantum
system.
The number can be further reduced by exploiting all the in-
formation gathered when determining the expectation values
of the witnesses measured in succession. In the case of a two-
qubit state (D = 4), for instance, one never has to measure
more than six witnesses, rather than 15 = 42 − 1. This can be
demonstrated by an experiment such as the one proposed in
Ref. [5]; we are here reporting its laboratory realization.
Witnesses and witness families A hermitian observable
W is an entanglement witness if tr{ρsepW} ≥ 0 for all sepa-
rable states ρsep and tr{ρentW} < 0 for at least one entangled
state ρent. For each entangled state, there are some witnesses
that detect it (“< 0”), but many other witnesses will give an
inconclusive result (“≥ 0”).
We shall concern ourselves with two-qubit systems—in the
experiment, they are polarization qubits of a down-converted
photon pair—and focus on optimal decomposable witnesses
[6] of the form W =
(|w〉〈w|)T2 , where |w〉 is the ket of
an entangled pure two-qubit state, and T2 denotes the par-
tial transposition on the second qubit. This witness is optimal
in the sense that no other witness can detect some entangled
states in addition to the states already detected by W . The
generic example is |w〉 = |00〉 cos(12α) + |11〉 sin(12α) with
sinα 6= 0, on which all other |w〉s can be mapped by local
unitary transformations.
For any α, the eigenkets of the resulting witness,
W (α) = |00〉1 + cosα
2
〈00|+ |11〉1− cosα
2
〈11|
+ |Ψ+〉 sinα
2
〈Ψ+| − |Ψ−〉sinα
2
〈Ψ−| , (1)
are the same: the two product kets |00〉 and |11〉 as well as the
two Bell kets |Ψ±〉 = (|01〉 ± |10〉) /
√
2. This whole fam-
ily of entanglement witnesses can, therefore, be measured by
the projective measurement of their common eigenstates—
the witness basis of the family. For a separable state,
tr
{
ρsepW
(α)
} ≥ 0 for all α, and this requirement implies the
witness-family criterion [5]
S ≡ 4f1f2 − (f3 − f4)2 ≥ 0 . (2)
Here, f1 and f2 are the probabilities for the two product states,
and f3 and f4 are those for the Bell states; we estimate these
probabilities from the observed frequencies. Consequently,
once the frequency data are obtained from the measurement,
a negative value of S reveals that the unknown state ρtrue is
entangled.
Three remarks are in order. (i) The expectation value of
one witness W (α) is a linear function of the fjs, whereas S
is a quadratic function. This is reminiscent of, yet different
from, the “nonlinear entanglement witness” of Ref. [7], which
requires a joint measurement on two copies of the unknown
state. Our witness-family measurement uses only one copy at
a time. (ii) Also, the nonlinear witnesses of Ref. [8] are quite
different; their evaluation requires complete or almost com-
plete knowledge of the state. (iii) The witnesses W (α) can
also be measured by other schemes, such as that of Barbieri
et al. [9] who extracted the expectation value of W (pi/2) from
2TABLE I: The six witness families that enable full tomography of the
two-qubit state. The single-qubit unitary operators U1 and U2 trans-
form the first family into the other five families. The Pauli operator
X permutes |0〉 and |1〉; the Clifford operator C permutes the three
Pauli operators cyclically.
Family U1 U2
1 1 1
2 1 X
3 C† C
Family U1 U2
4 C† XC
5 C C†
6 C XC†
local measurements that examine the two qubits individually.
By contrast, we perform a joint measurement on both qubits,
which implements the projective measurement in the eigen-
basis of W (α) and so realizes the most direct measurement of
the witness. See the Appendix for more details about (ii) and
(iii).
Our witness-family measurement provides estimates for
three two-qubit observables (four fjs with unit sum), whereas
the expectation value of a single witness is only one number.
As discussed in Ref. [5], this can be exploited for quantum-
state reconstruction after measuring six witness families, re-
lated to each other by the six local unitary transformations
of Table I: Each witness family provides the expectation val-
ues of one (of six) single-qubit observables and of two (of
nine) two-qubit observables. Therefore, a measurement of all
six witness families constitutes an informationally complete
(IC) measurement for full tomography of an unknown two-
qubit state; thereby, all six single-qubit parameters and six
two-qubit parameters are obtained once, while three two-qubit
parameters are determined twice. This offers the possibility of
measuring an IC set of witness families such that, if all fami-
lies give an inconclusive result (S ≥ 0), a full state estimation
can be performed for identifying ρtrue. With ρtrue then at
hand, its separability can be determined straightforwardly by,
for example, checking the Peres-Horodecki criterion [1, 10].
Scheme A: Random sequence Since ρtrue is unknown,
there is no preference for a particular one of the six families
to start with. Hence, one starts with a randomly chosen family
and checks the inequality (2). If the result is inconclusive, one
then chooses the next family at random from the remaining
five families, and so forth until a conclusive result is obtained.
If all six families give inconclusive results, ρtrue is estimated
from the data to establish if it is entangled or separable.
Scheme B: Adaptive measurements Alternatively, we
can perform the witness-family measurements in an adaptive
manner: We choose the next family to be measured in ac-
cordance with the data obtained from previous measurements.
Each time a witness family is measured, a set of four frequen-
cies is obtained and these informationally incomplete data are
used to partially estimate ρtrue by, for example, jointly max-
imizing the likelihood and the entropy—the MLME strategy
of Ref. [11, 12]. The MLME estimators ρMLME tend to be
highly-mixed states and are thus hard to detect by entangle-
ment witnesses; therefore, if the measurement of a witness
family detects the entanglement of the MLME estimator by
the criterion (2), measuring that family has a good chance
of detecting the entanglement of ρtrue. The value of S is
used for comparing the unmeasured witness families with the
MLME estimator, with fj replaced by the jth MLME proba-
bility tr
{
ρMLME U
†ΠjU
}
where U = U1 ⊗ U2 is one of the
six unitary operators of Table I, and Πj projects to the jth
ket in the witness bases. The family that gives the smallest
value of S is measured next; this judicious choice of family
reduces the average number of witness families that need to
be measured before the entanglement is detected. Instead of
fixing the above six families, based on the MLME estima-
tor, one can also choose from all thinkable families in each
step. However, it is not worth the trouble as such optimization
hardly improves the entanglement detection; see the Appendix
for details.
Scheme C: Maximum-likelihood set All state estima-
tors, including ρMLME , that maximize the likelihood compose
a convex set, the maximum-likelihood (ML) set. They all give
the same estimated probabilities for the witness families al-
ready measured. When the number of qubit pairs measured
per witness family is large (104 pairs suffice in practice), ρtrue
is very likely contained in the ML set. Then, if there is no sep-
arable state in the ML set, we can conclude that ρtrue is entan-
gled. For finite data, this conclusion is correct within a certain
error margin, as is the case for all conclusions drawn from en-
tanglement witness measurements. For this non-separability
check, we compute the maximal values of the likelihood for
both the entire state space (Lmax) and the entire space of sep-
arable states (Lsepmax) [13]. If we find that Lmax > Lsepmax, we
infer that ρtrue is entangled. To further economize the adap-
tive scheme, this check is performed before looking for the
unmeasured witness family with the smallest value of S.
Simulations To investigate the efficiencies of the three
schemes, we perform computer simulations of witness-family
measurements with both pure and full-rank mixed two-qubit
entangled states; see the Appendix for technical details on the
generation of entangled states. Figure 1 shows the histograms
that summarize the cumulative distribution in the percentage
of entangled states detected against the number of witness
families needed using schemes A, B and C. We observe that
the average number of families is largest for scheme A and
smallest for scheme C. For instance, with only three witness
families measured, scheme C detects about 95% of the rank-1
entangled states whereas scheme A will need the measure-
ment of five families to reach the same detection rate. When
using either scheme A or scheme B, about 2% of the random
pure states and about 67% of the full-rank mixed states are
undetected by the six families without performing full tomog-
raphy. The additional separability check in scheme C reduces
the percentage of undetected pure states to virtually zero, and
one needs no more than five witness families to detect en-
tanglement for the rest of the pure states. The improvement
is even more dramatic for the mixed states, with a reduction
from about 67% to about 2.7%. We also observe that the mean
number of witness families needed to detect entanglement for
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FIG. 1: Simulation results on the measurement of the set of six in-
formationally complete entanglement witness families for 104 ran-
domly chosen two-qubit entangled states: pure states (bottom) and
full-rank mixed states (top). The cumulative histograms compare
between measurements performed with scheme A, scheme B, and
scheme C.
mixed states is larger than that for pure states. This is as ex-
pected, since mixed states generally have weaker entangle-
ment and are, therefore, harder to detect.
Experiment We experimentally test the entangle-
ment detection and tomographic scheme with three
classes of states of different ranks. The first class
of states are the pure states ρ(1)true = |ϑ〉〈ϑ|, with
|ϑ〉 = |00〉 sinϑ+ |11〉 cosϑ for 0 < ϑ < pi, ϑ 6= pi/2.
The second class of states are rank-two states of the form
ρ
(2)
true = |Φ+〉µ〈Φ+|+ |Φ−〉(1− µ)〈Φ−| for 0 ≤ µ ≤ 1 and
µ 6= 1/2, where |Φ±〉 = (|00〉 ± |11〉)/
√
2. The third class of
states are the Werner states ρ(3)true = |Ψ−〉λ〈Ψ−|+ (1 − λ)/4
for 1/3 < λ ≤ 1. The experiment uses the polarization
qubits of a down-converted photon pair at 810 nm with,
for example, ket |10〉 standing for the photon in mode 1
horizontally polarized and the photon in mode 2 vertically
polarized.
The experimental set-up is shown in Fig. 2. The rank-
one states and rank-two states are produced as described in
Refs. [14, 15]. The rank-four states are produced by adding
a controlled admixture of white noise to the singlet state by
varying the coincidence time window of the detection elec-
tronics [16].
Owing to unavoidable imperfections, the actual states emit-
ted by the source are not the ideal ρ(1,2,3)true stated above but
full-rank approximations of them. For example, as reported in
Ref. [15], fidelities above 97% are consistently achieved for
the rank-two states, and the experimental rank-one and rank-
four states are of similar quality. The simulations for Fig. 3
use the ideal states.
The signal and idler photons are directed to a Hong-Ou-
Mandel (HOM) [17] interferometer with a 50:50 beam splitter
(BS). On the way from the source to the BS, the photons pass
through sets of wave plates (WPs) that change the polariza-
tion in accordance with one of the six local unitary transfor-
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FIG. 2: (color online) Experimental set-up. The polarization-
entangled two-photon states are prepared by the method described
in Ref. [15]. Upon emerging from the source, the two photons are
guided with mirrors (M) to interfere at a 50:50 beam splitter (BS),
with the temporal overlap controlled by a translation stage (TS). Af-
ter passing through interference filters (IF), the photons are sorted by
polarizing beam splitters (PBS) and registered by one of the photo-
detectors, four on each side. The detector outputs are addressed to a
time-to-digital converter (TDC), and coincidences between counts of
any two detectors are recorded. Two sets of wave plates (WPs), each
composed of a half-wave plate (HWP) and two quarter-wave plates
(QWP), implement the polarization changes that correspond to the
unitary operators of Table I.
mations of Table I; see the Appendix for details of the HOM
calibration and settings of the WPs. In each output port of the
interferometer, the photons pass through an interference filter
with a central wavelength at 810 nm and a full width at half
maximum of 10 nm and are then sorted by a polarizing beam
splitter (PBS). To discriminate between one-photon and two-
photon events, another 50:50 BS is installed into each output
port of the PBS, and eight single-photon avalanche photodi-
odes detect the photons. A time-to-digital converter (TDC)
records the arrival times of the photons, and coincidences be-
tween any two of the eight detectors are obtained from the
analysis of the time stamp record of the TDC. For each rank,
we studied 21 different states.
Results We set the source to a particular state and per-
formed witness-family measurements for one minute per fam-
ily, and so measured about 104 photon pairs for each state and
family. The data were analyzed for all three schemes.
We also performed simulations for the three different
classes of two-qubit states. For each class, data from 104 pho-
ton pairs (per witness family) for 103 states were simulated
with Monte Carlo techniques, for the schemes A, B, and C.
As expected, the simulation showed that for measurements
done with the random order of scheme A, the number of fam-
ilies needed for entanglement detection is distributed almost
evenly from one to six, with a mean of about 3.5, and fewer
families need to be measured in the adaptive schemes.
This is confirmed by the experiment. For the three classes
of states, only one of the witness families gives a conclusive
result. Hence, for scheme A, the number of families needed
4for entanglement detection is equally likely to be one to six.
The data for schemes B and C were analyzed as explained
in the Appendix and the results are shown in Fig. 3, where
one observes a significant improvement over the non-adaptive
scheme A, which needs about 3.5 families on average. One
rarely needs more than four witness families to detect the en-
tanglement in these states; full tomography is never necessary
since all rank-one, rank-two, and rank-four states are detected
by one of the witness families.
The striking similarity between the results of the simula-
tion and the experiment indicates that there are no significant
systematic errors in the experimental data. For the rank-one
states, the fidelity F =
∑
j(pjp
′
j)
1/2 between two probabil-
ity distributions {pj} and {p′j} compares the histograms from
simulation and experiment, and the large value of F is reas-
suring. The error bars for the rank-one states are obtained by
bootstrapping the actual data one hundred times; these error
bars show the variation in the histograms that repeated mea-
surements of this kind would display. The fidelity values and
the error bars for the other histograms are of similar sizes and
not displayed. We also collected IC data even if the state is
known to be entangled before all six witness-family measure-
ments are done so as to check the reliability of the tomogra-
phy. The witness-family measurements indeed enable reliable
quantum state tomography; see the Appendix for details.
Conclusions We performed an experiment to verify the
witness-family-based entanglement detection scheme intro-
duced in Ref. [5]. In going beyond that proposal, we also in-
troduced adaptive schemes that use the information acquired
in previous measurements to reduce the average number of
witness families that need to be measured. A few-witness
way of detecting entanglement for photon-polarization qubits
was thus demonstrated. Further, we showed that the witness-
family measurements enable reliable quantum state tomogra-
phy. With the necessary changes and within the limits set by
what is experimentally feasible, the witness-family approach
is also applicable to qubits of other physical kinds than photon
polarization and to higher-dimensional or multi-partite sys-
tems.
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APPENDIX
In this appendix, we comment on related work, discuss
more general adaptive schemes, provide some technical de-
tails of the experiment and present our tomographic results.
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FIG. 3: (color online) A comparison of schemes B (left column) and
C (right column) for rank-one states (top row), rank-two states (mid-
dle row), and rank-four states (bottom row). The histograms report
the percentage of entangled states detected against the number n of
witness families needed without performing state estimation; 〈n〉 is
the average value. Both the simulation data (left empty bars) and the
experimental data (right full bars) show that, for the three kinds of
quantum states considered, scheme C provides further improvement
over scheme B: It requires fewer families on average and the distri-
butions are narrower. The similarity of the two histograms for the
rank-one states is confirmed by their large fidelity F ; similar values
are obtained for the other histograms. — Here, the simulation uses
only states of the kind generated by the state preparation in the set-up
of Fig. 2, whereas no such restriction applies to the randomly-chosen
states for Fig. 1.
THE EXPERIMENT BY BARBIERI ET AL.
Upon denoting the Pauli operators of the jth qubit by Xj ,
Yj , and Zj , the witness of Eq. (1) is
W (α) =
1
4
[
1 + (Z1 + Z2) cosα+ Z1Z2
+ (X1X2 + Y1Y2) sinα
]
. (3)
In the experiment of Barbieri et al. [9] the two polarized pho-
tons are measured separately and, therefore, a direct measure-
ment of W (α) is not possible. Instead, the expectation value
of W (pi/2) is inferred from three auxiliary measurements that
detect the common eigenstates (i) ofX1 andX2, (ii) of Y1 and
Y2, and (iii) of Z1 and Z2.
Together, the data acquired in these measurements establish
5the nine expectation values
〈X1〉 , 〈X2〉 , 〈X1X2〉 ,
〈Y1〉 , 〈Y2〉 , 〈Y1Y2〉 ,
〈Z1〉 , 〈Z2〉 , 〈Z1Z2〉 ,
(4)
of which only the three values in the right column are used for〈
W (pi/2)
〉
. The other six values are not exploited. While this
is wasteful, it does not matter in the context of Ref. [9] where
one knows beforehand that the unknown state is of the form
ρ =
1
4
[
1− p(X1X2 + Y1Y2 + Z1Z2)
] (5)
with 0 ≤ p ≤ 1. The value of parameter p is then provided by〈
W (pi/2)
〉
= (1− 3p)/4.
All witnesses in the first and the second family of Table I
are made available by the five expectation values in the bottom
row and the right column in (4). It follows that the inequality
1 + 〈Z1Z2〉2 ≥ 2
∣∣〈X1X2〉〈Y1Y2〉 − 〈Z1Z2〉+ 〈Z1〉〈Z2〉∣∣
+ 〈X1X2〉2 + 〈Y1Y2〉2 + 〈Z1〉2 + 〈Z2〉2
(6)
holds for all separable states. There are two more inequalities
of the same structure for the expectation values of the first and
the second row, respectively, and the third column in (4).
If all three inequalities are obeyed, further measurements
are needed. They would detect the common eigenstates of X1
and Y2, of Y1 and X2, and so forth. Each such measurement
gives the expectation values of two single-qubit operators al-
ready contained in (4) and adds one new two-qubit expectation
value to the list. More inequalities analogous to (6) become
available in the course. Eventually, when all six two-qubit ex-
pectation values that are missing in (4) are determined, full
tomography is achieved.
Clearly, the sequence in which the fourth, fifth, . . . ninth
measurements are carried out, can be optimized by an adap-
tive strategy. There is also the option of checking, at each
stage, whether there are separable states in the convex set
of maximum-likelihood estimators, and inferring that the un-
known state is entangled if there are none.
In summary, the measurement scheme of Barbieri et al.
can be used for an indirect measurement of witness families.
When state reconstruction is necessary, this indirect measure-
ment needs nine settings, each providing three expectation
values of the fifteen independent ones; each of the six single-
qubit expectation values is determined thrice. By contrast,
the direct measurement achieves full tomography with six set-
tings, whereby three of the nine two-qubit expectation val-
ues are determined twice (see Table II in Ref. [5]). Although
one could conclude that the direct measurement is less waste-
ful and should be preferred over the indirect measurement,
one must remember that the direct measurement is not feasi-
ble when the two polarized photons are at different locations.
Then, the Barbieri et al. scheme does the job.
THE NONLINEAR WITNESSES OF G ¨UHNE AND
L ¨UTKENHAUS
The inequality
〈
W (α)
〉 ≥ 0 holds for all separable states;
this is, of course, the witness property. In Ref. [8], Gu¨hne
and Lu¨tkenhaus show that the null bound can be replaced by
various state-dependent positive bounds,〈
W (α)
〉 ≥ ∣∣〈G(α)〉∣∣2 , (7)
where, for example, the non-Hermitian operators
G
(α)
1 =
1√
8
sin
(α
2
+
pi
4
)
(1 +X1X2 + Y1Y2 + Z1Z2)
+
1√
8
cos
(α
2
+
pi
4
)
(Z1 + Z2 + iX1Y2 − iY1X2)
(8)
or
G
(α)
2 =
1√
8
sin
(α
2
+
pi
4
)
(X1 +X2 + iY1Z2 − iZ1Y2)
+
1√
8
cos
(α
2
+
pi
4
)
(X1Z2 + Z1X2 + iY1 − iY2)
(9)
are possible choices forG(α). The lower bounds in Eq. (7) are
second-degree polynomials of one-qubit and two-qubit expec-
tation values; there are also lower bounds that are polynomials
of fourth or higher order.
We can evaluate
〈
G
(α)
1
〉
as soon as the three witness fam-
ilies 1, 3 (or 4), and 5 (or 6) have been measured; similarly,〈
G
(α)
2
〉
is available after measuring the four families 3–6. This
illustrates that partial tomography is needed before the more
stringent lower bounds of Eq. (7) are at hand.
Nevertheless, it could be interesting to exploit criteria of
this kind (with parameter α optimized) for a possible further
reduction of the number of witness families that need to be
measured before one can conclude that the unknown state is
entangled. This is unexplored territory.
GENERAL ADAPTIVE SCHEMES
The adaptive schemes B and C that speed up the entangle-
ment detection select the next witness family from the six pre-
chosen families specified by the unitary operators in Table I.
If, instead, one selects also from other families than the six
pre-chosen ones, such a more general adaptive scheme might
be more efficient, in the sense that fewer families need to be
measured on average before one can conclude that the un-
known state is entangled. Thereby, the selection is still done
by opting for the family which is expected to give the small-
est value of S upon measurement. It turns out that the more
general adaptive schemes are not worth the trouble. We jus-
tify this remark by a study of the generalizations of schemes
B and C.
6Scheme B’ As in scheme B, we calculate the MLME es-
timator ρMLME and exploit its properties when choosing the
next family to be measured. If ρMLME is entangled, ρT2MLME
has one negative eigenvalue, and the eigenket |φ〉 to this eigen-
value is entangled. The next witness family is then the one
obtained from W =
(|φ〉〈φ|)T2 because this family is best
for detecting the entanglement of ρMLME . Since ρMLME is
the current best guess for the unknown state ρtrue, this family
has also a good chance of detecting entanglement in ρtrue. If
the MLME estimator is separable, however, we proceed as in
scheme B.
Scheme C’ On top of scheme B’, the separability check
of scheme C is implemented.
Simulations We investigate the general adaptive schemes
by performing computer simulations for pure and full-rank
states and constructing histograms analogous to those in
Fig. 1. As can be seen from the results in Fig. 4, scheme
B’ improves over scheme B. For both rank-one and rank-four
states, the cumulative percentage of states detected is higher.
The percentage of undetected rank-four states after six fami-
lies drops from about 67% to about 25%. While this improve-
ment is substantial, it pales in comparison with the dramatic
reduction to about 2.7% when using scheme C. Therefore,
when aiming at the most efficient way of detecting entangle-
ment, we have to employ either scheme C or scheme C’.
Now, as we learn from Fig. 4, scheme C’ is only slightly
better than scheme C — if at all. For, the somewhat smaller
proportion of rank-four states detected by the first, randomly
chosen, family and the somewhat larger proportion of states
requiring tomography are surely resulting from statistical fluc-
tuations in the simulation. The other differences between the
histograms for schemes C and C’ are of similar size. Accord-
ingly, there is no evidence that scheme C’ is worth the trouble
of its implementation, which requires that the settings of the
WPs are calculated and updated in every step for every state.
On the other hand, the data obtained in scheme C are opti-
mal for the tomographic reconstruction of ρtrue. In summary,
then, scheme C serves all purposes very well.
GENERATION OF RANDOM ENTANGLED STATES
For all the simulations, we generate a unitarily invariant
ensemble of random entangled states by the procedure of
Ref. [18]: For each random state, we first compose an aux-
iliary matrix A of dimensions 1× 4 (for a pure state) or 4× 4
(for a full-rank state), with the random complex entries cho-
sen from a normal distribution with zero mean and unit vari-
ance; then, the 4 × 4 matrix representing the random state
is A†A/tr{A†A}. Most of the random states generated this
way are entangled, since there are many more entangled states
in such an ensemble than separable states; we check the con-
currence of each state to ensure that only entangled states are
used in the simulation.
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FIG. 4: Simulation results for 104 randomly chosen two-qubit en-
tangled states: pure states (bottom) and full-rank mixed states (top).
The cumulative histograms compare between adaptive measurements
performed with the six pre-chosen families of Table I (schemes B and
C) and with six arbitrary families (schemes B’ and C’).
DETAILS OF THE EXPERIMENT
Wave plate settings Each of the local unitary operators
of Table I is implemented by a HWP between two QWPs,
U = UQWP(α)UHWP(β)UQWP(γ) , (10)
where the QWP with angle γ is the first in the sequence; see
Fig. 2. The matrix representation for a HWP, apart from an
irrelevant global phase factor, is (see, e.g., [19])
UHWP(θ) =
(
|V〉 |H〉
)( cos(2θ) sin(2θ)
sin(2θ) − cos(2θ)
)(
〈V|
〈H|
)
=̂
(
cos(2θ) sin(2θ)
sin(2θ) − cos(2θ)
)
, (11)
where θ is the angle between its major axis and the vertical
direction, and we have
UQWP(θ) =̂
1√
2
(
1− i cos(2θ) −i sin(2θ)
−i sin(2θ) 1 + i cos(2θ)
)
(12)
for a QWP. Further, the matrices for the Pauli operator X that
permutes |V〉 and |H〉 and the Clifford operator C that per-
mutes the three Pauli operators cyclically are
X =̂
(
0 1
1 0
)
and C =̂ 1√
2
(
1 −i
1 i
)
, (13)
respectively.
The angles α, β, and γ, for which the various Us are real-
ized, are reported in Table II. As an example, we consider
U = XC =̂
1√
2
(
0 1
1 0
)(
1 −i
1 i
)
=
1√
2
(
1 i
1 −i
)
(14)
7TABLE II: Wave plate settings for the unitary operators of Table I.
The angles α, β, and γ are such that the corresponding U is obtained
from Eq. (10).
U α β γ
1 0 0 0
X 0 pi/4 0
C 0 pi/4 −pi/4
C† −pi/4 0 0
XC 0 0 −pi/4
XC† pi/4 0 0
and verify that α = 0, β = 0, and γ = −pi/4 are correct
choices. Indeed, they are:
UQWP(0)UHWP(0)UQWP(−pi/4)
=̂
1− i√
2
(
1 0
0 i
)(
1 0
0 −1
)
1√
2
(
1 i
i 1
)
= e−ipi/4
1√
2
(
1 i
1 −i
)
, (15)
since the global phase factor is irrelevant.
HOM interferometer To implement the most direct
measurement of the witness bases, we make use of a HOM
interferometer. For its optimization, we first remove the BSs
in the output ports of the PBSs; see Fig. 2. Next, we address
the outputs of the two detectors in the transmission ports of
the two PBSs to a coincidence unit, where we record the co-
incidence rate for the input two-photon state |HH〉. A trans-
lation stage with a step size of 500 nm is used to control the
temporal overlap between the photons, and the spatial over-
lap is controlled by adjusting the mirrors that direct the two
beams to interfere on the BS. The interferometer is optimized
at where the coincidence rate is minimal, as shown in Fig. 5.
The visibility of the HOM dip is 95 ± 3%. Imperfections in
the BS ratios, the WPs, and the polarization controllers limit
the maximum experimental achievable visibility of the dip.
Nevertheless, the visibilities of the HOM dips obtained in our
experiment exceed 90% for all the data collected for the con-
struction of the histograms shown in Fig. 3.
Data Analysis Here we illustrate how data were analyzed
to obtain Fig. 3 in the main text. For the witness family mea-
surement, the first family is chosen at random among the six
families. If the measurement of this family gives a negative
value of S, the state is detected to be entangled and no fur-
ther measurement is needed. If the result is inconclusive, then
one uses the adaptive scheme to choose the next family, until
a conclusive result is obtained. The result is n, the number of
witness families that have to be measured in order to detect
the entanglement; see Table III for illustrations.
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FIG. 5: An example of a HOM dip obtained in our experiment for the
state |HH〉〈HH|. The visibility, V , of the HOM dip above is 95±3%;
other HOM dips observed for different polarization states are similar
to this one.
TABLE III: Examples demonstrating how Fig. 3 is derived. The first
family is chosen at random among the six families. If the measure-
ment of this family gives a negative value of S , the state is detected
to be entangled and no further measurement is needed. If the result
is inconclusive, then one uses the adaptive scheme to choose the next
family, until a conclusive result is obtained. The result is n, the num-
ber of witness families that have to be measured in order to detect the
entanglement.
State Families and their S values n
ρ
(2)
true family 3 family 4 family 2 3
µ = 0.15 0.46 ± 0.03 0.06 ± 0.02 −0.23± 0.04
ρ
(3)
true family 1 — — 1
λ = 1 −0.83 ± 0.03
ρ
(1)
true family 4 family 2 — 2
ϑ = pi/4 0.21 ± 0.03 −0.87± 0.03
TOMOGRAPHIC RESULTS
For the three classes of states, all entangled states are suc-
cessfully detected without the need to perform full tomogra-
phy. There are, however, other entangled states that would
escape detection, and all separable states can only give in-
conclusive results. Regarding entangled states, we recall that
about 2% of the random pure states and about 67% of the ran-
dom mixed states are not detected by the six witness families
without the separability check of scheme C. Hence, to confirm
the efficiency and accuracy of the tomographic scheme, we
collect IC data even if the state is known to be entangled be-
fore all six witness-family measurements are done. Using the
technique of ML estimation [20, 21], we then infer the state
from the data and calculate the fidelity tr
{|√ρtrue√ρest|} be-
tween the true and the estimated state. The average fidelities
are 98.3 ± 0.7%, 97.4 ± 1.4%, and 98.7 ± 1.1% for the re-
spective true states of rank one, two, and four. Indeed, if all
8the six family measurements fail to detect the entanglement
in the state, one can use the tomographic information to reli-
ably reconstruct the unknown input state and then determine
its separability numerically.
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